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Comparison of Optimality Criteria Algorithms
for Minimum Weight Design of Structures

N. S. Khot,* L. Berke,f and V. B. Venkayya*
Air Force Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio

This paper presents a comparison of frequently used optimization algorithms based on optimality criteria to
design a minimum weight structure. After summarizing the different methods, the relationship between the
various algorithms is shown. They differ only in the degree of approximations made in formulating the
recurrence relations to modify the design variables and to evaluate the Lagrange multipliers. A new iterative
scheme, similar to Newton-Raphson, is also presented, with the equations written in such a form that it is not
necessary to select the initial design vector of the unknown Lagrange multipliers. It is shown that with this
scheme a minimum weight design can be obtained with a smaller number of analyses of the structure than with

previously proposed methods.

I. Introduction
HE objective in structural optimization is to design a
minimum weight structure that will satisfy all the
specified constraints. The constraints may include minimum
and maximum sizes, maximum allowable stresses, limitations
on the displacements at various points in the structure,
buckling loads, dynamic stiffness, frequency requirements,
etc. Methods for the optimum design of structures have
progressed rapidly in recent years. In particular, optimality
criteria approaches have significantly advanced the state-of-
the-art of the minimum weight design of structures involving
large finite-element assemblies. Optimality criteria and the
necessary iterative algorithms were derived and are being used
successfully for the optimization of large practical structures
with static, dynamic, and stability requirements. 1-20
The optimization algorithms discussed here consist of two
main steps. The first step is to analyze the structure by the
finite-element method to determine its response to the applied
loads. The second step is to redistribute the material in the
members so that the weight of the structure is reduced. In
optimality criteria methods, the second step is carried out by
using a recurrence relation derived from the appropriate
optimality criterion. In any procedure, the algorithm must
answer two basic questions in producing a new design step,
i.e., in what direction to go and how far. There are no clear
instructions obtainable from any theory that give a unique
answer to these two simple questions. Numerous algorithms
have been proposed by various investigators and it appears
productive at this time to show how they are related to each
other, i.e., in what sense they are basically identical and in
what important and unimportant details they are different.
The recurrence relation for the design variables is derived
from the optimality criterion and contain unknown Lagrange
multipliers that correspond to the constraints. The multipliers
must be evaluated before the recurrence relations for the
variables can be used. The numerical procedures to evaluate
the Lagrange multipliers are derived using the constraint
equations. Optimality criteria methods may differ for the
same problem both in the recurrence relations for the
variables and in the numerical procedure to evaluate the
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multipliers. For example, in Refs. 1-14 an exponential
recurrence relation is used for the design variables, while a
linear relation is derived in Ref. 15 and used in Refs. 16-17.
The Newton-Raphson iterative technique is proposed in Ref. 7
to evaluate the Lagrange multipliers. On the other hand, a
recurrence relation based on the ratio of the current and
limiting values of the constraints is used for the multipliers-in
Refs. 8, 11, 12, 14, and 18. In Ref. 15, a linear set of
simultaneous equations is derived to determine the Lagrange
multipliers. This approach is used in Refs. 15, 16, and 18. In
this paper, the interrelation of these various approaches will
be shown and the effects of their differences demonstrated by
examples. '

This paper will consider only displacement and stress
constraints; however, the basic relations and conclusions are
applicable to other types of constraints. Section II gives the
basic equations of finite-element analysis and derives the
optimality criterion. A short derivation of different
recurrence relations for the design variables and the Lagrange
multipliers is given in Sec. III. A comparison of the different
relations is made in Sec. I'V. Illustrative examples are given in
Sec. V and the conclusions are presented in Sec. VI.

II. Optimality Criteria
The optimality criterion for the generalized constraints is
derived here first, then it is specialized for the displacement
constraint problem.
Consider a structure which is discretized into m finite
elements. For this structure, the load displacement relation is
written as:

[K]{r}={R} 0))

where { R} is the applied load vector, {r} is the displacement
vector, and [K] is the total stiffness matrix of the structure
given by:

m

[K1= Y, ta}![k],(a}, @

i=1

In Eq. (2), [k]; is the stiffness matrix of the ith element, {a},; is
the compatibility matrix of the ith element, and {a}{ is the
transpose of {a},.

The weight of the structure W(A,) is given by

m

W(A,) = E 0 AL G

i=1
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where p; is the mass density and Af; is the volume of the
element. The design variable is A4; and ¢, is a constant that
depends on the geometry of the element. The generalized
constraints f; (A;) imposed on the structure can be written as

[i(A)=C,(A4)~C;<0 j=1,...p @)

where C;(A;) is the actual value of the jth constraint and C‘j
is its limiting value or desired value. The total number of
constraints on the structure is p.

The objective is to minimize W(A;) subject to the con-
straints given in Eq. (4). Using Eqgs. (3) and (4), the
Lagrange function W (A, ;) can be written as

W(AN) = Y, pliA; + f: NS (A ()
i=1 j=1

where \; are the Lagrangian parameters. The necessary
conditions for the local constrained optimum are obtained by
differentiating Eq. (5) with respect to the design variables A4;.
This gives

Y]
a .
il + ; Y Ef,-(A,):O i=1,...m (6)

where A\; =20 and A.f;=0. Equation (6) is the optimality
criterion. In the case of the displacement constraint problem,
Eq. (4) can be written as

m

E, - ,
fiap=Y L-Cis0 j=lL..p 0)
i=1 i

where E;; is the flexibility coefficient given by
E;={r}ik];{s'};4; (8

where {r}; and {s/}; are the displacement vectors associated
with the ith element due to the applied load vector {R} and
the virtual load vector {S’/} corresponding to the jth con-
straint. For the bar structure

where F; is the force in the ith bar due to the applied load, U/
is the force in the ith bar due to the virtual load vector {S/},
and E; is the elastic modulus of the ith bar. The coefficients
E; are constant for statically determinate structures, and for
indeterminate structures they depend on the design variables
A;. However, they may be assumed to be constant for small
changesin 4,.

Using Egs. (6) and (7), the optimality condition can be
written as

E.
1= ﬁ A, 4 i=1,..., 1
j=1 jPie,‘Axg l " (10)

where A, =0and A f; =0.

The optimum structure has to satisfy Eq. (10) and the
constraint, Eq. (7). These are (m+p) nonlinear equations
corresponding to the m design variables 4; and the p
Lagrange multipliers A;. For the bar structures, the allowable
stress constraint in each bar can be replaced by the allowable
relative displacement constraint between the nodes connecting
the bar, and the problem can be treated as a multiple
displacement constraint problem.

III. Methods of Solution

This section discusses various schemes available to solve
Eqgs. (7) and (10). Since these equations are nonlinear, the
solution schemes are iterative in nature and are based on the
use of recurrence relations. The optimality criterion is used to
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derive a relation to modify the design variables A,. The
constraint equations are used to obtain relations for the
evaluation of the Lagrange parameters. When there is only
one constraint on the structure, the single Lagrange multiplier
can be explicitly defined and can be used to derive the
recurrence relation for the design variable. 34 When there is
more than one constraint, however, the Lagrange multipliers
must be evaluated by using an iterative method.

The available solution schemes will be derived in this
section with common notation to facilitate their comparison
in the next section. In all relations the subscript v refers to the
iteration number. The index i refers to the element number
and it goes from 1 to m. The index j refers to the constraint
and it goes from 1 to p.

A. Newton-Raphson Method

First, we consider the direct solution of Egs. (10) and (7) by
the Newton-Raphson method. The equations to be solved are
the optimality conditions

E.
Al= }5 N —L (1n
j=1 Pifi
and the constraints
m
E;, -
=N 30 (12)

Equation (12) is nonlinear in the Lagrange multipliers. The
increment Af; in the jth constraint can be written as

Af,=F (N+AN) = f; (M) = f} j—fAM (13)
k=1 k

where A=(\;,...,A,) and AN=(AN;,...,AN,). Since in the
Newton-Raphson method the increment AN is selected so as to
satisfy the equation f; (A+ AN) =0, the iteration relation can
be written as

—q{f}, =[H], [N+ =N} (14

or
M =Ny —q[HT ), 15
where (v + 1) and » are the iteration numbers, 4 is a parameter

introduced to control the step size, and [H] ~/ is the inverse of
the Hessian matrix [H] whose elements are given by

Differentiating Eq. (12) and remembering that A4, is a func-
tion of A}, as defined by Eq. (11), one obtains

% - { f EyEy
N, 2 pilA]

i=1

an

When the elements are separated into active and passive
elements, the summation in Eq. (17) is taken over the active
elements only. The sizes of the passive elements are governed
by the minimum size or some other criteria. In using Eq. (15),
only active constraints corresponding to the positive Lagrange
multipliers must be considered.

The iterative process in this method consists of using Egs.
(11) and (15) alternately until the constraint equations are
satisfied. After the constraints are satisfied, the coefficients
E; are updated by reanalyzing the structure. In using Eq. (15),
it is necessary to select proper initial values of the Lagrange
multipliers and the convergence of the method depends on this
selection. When the number of Lagrange multipliers is large
and when the active constraints change from one iteration to
the next, it is generally very difficult to assign proper initial
values. Reference 7 uses this approach with n=1. In Ref. 20,
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the Lagrange multipliers are determined by maximizing Eq.
(5) expressed as a function of N’s (dual theorem) with con-
straints A; =0. When only equality constraints are considered,
maximizing Eq. (5§) with respect to N’s is equivalent to
satisfying the constraint equations [Eq. (4)].

B. Recurrence Relations for the Design Variables

The recurrence relation for the desigi variable A; can be
written by using Eq. (10). Multiplying both sides of this
equation by (4;) " and taking the nth root gives

4, A(jf;x Mz)”" (18)

Based on this equation, a recurrence relation for the design
variable can be written as

A+1A(f:>\ Ey )”n 1
H=A; i (19)

Jj=1

where(r+1) and » are the iteration numbers, and the
parameter n determines the step size. Equation (19) can be
called an exponential recurrence relation. Equation (18) is
identical to Eq. (11) for n=2. In Refs. 4, 6, 11, and 12, Eq.
(19) is used with n=2, and each time the areas are modified,
the structure is reanalyzed to update the coefficients E;.

A linear form of a recurrence relation, similar to the one
suggested in Ref. 15, can be derived as follows. Multiplying
both sides of Eq. (10) by (1 —«a) A; and rearranging gives

A, A(oz+(1 @) Ex

=1

pt’A2> 20)

where « is a parameter which controls the step size. Since A4;
appears on both sides of this equation, a recurrence relation
can be written as

Arrli=A4 (oz+(1 a)i:)\ l’Aé> @n -

j=1

Equation (21) is used in Refs. 16-18, and the structure is
reanalyzed each time after the design variables are modified.
In order to use Eq. (19) or (21), it is necessary for the
Lagrange multipliers to be known. In the next section, two
schemes to evaluate the Lagrange multipliers are discussed.

C. Recurrence Relations for the Lagrange Multipliers

The recurrence relations for the Lagrange multipliers can be
formulated by using the constraint equations. If all the

constraints are assumed to be equality constraints, Eq. (4) can

be written as

C;=C; (22)
Multiplying both sides of this equation by (\;) ? and taking
the bth root gives

C.\ /b
N=n () 23)
J J Cj /
This equation can be written as a recurrence relation in the
form
CuN\ b
)‘7“2)‘7(0‘{) 4)

J

where (v + 1) and » are the iteration numbers. In using Eq. (24)
it is essential to assume the values of the Lagrange multipliers
for the first iteration. In Eq. (24) the parameter b determines
the step size. This equation and Eq. (19) for the design
variables are used in Refs. 8, 11, 12, 14, and 18.
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A set of linear equations similar to the one suggested in Ref.
15 can be obtained by considering the change in the constraint
J; due to the change in the design variable A4;. The change in
the jth constraint Af; can be written as

m a
Af,=f(A+AA) —f,(A) = Y, aﬁ A4, (29)
i=]
where A=(A4,,4,,...,4,,) and AA=(AA,,AA,,...,AA )

Since the increment AA is selected so that f; (A4 +AA) =
using Eq. (4), Eq. (25) can be written as

~ mooaf
¢-ci= Y T apioap (26)
i=1 i

where (v + 1) and v are the iteration numbers. Differentiating
Eq. (7) with respect to 4, gives

af;, _ Ey
A, A2 @7
Using Eq. (21), the increment in areas is given by
AAY = 1 (1— N ) A? 28
(a—1) E ™ A2 (28)

Jj=1

Substituting Egs. (27) and (28) in Eq. (26), setting A, =\}*/
and rearranging the terms gives

X ( E,E, C!(2—a)-C,
vt ! §=ik ) — = J
DY <pif,A,3 Ay @9

k=1 i=1

If the elements are separated into active and passive elements,
Eq. (29) takes the form

mj E.E. my E
Ar+! ( J ik ) = (J)
I(Z::I ‘ ,Z=:1 pitiAl/, ; A/
I B m
- —C. Y
T [(C, c,)+i:§+1A2AA (P)] (30)

where m; is the number of active elements and
AAY(P)=(AF—AY). A}is the size dictated by the minimum
requirement. Generally, in an iterative scheme if any element
reaches minimum size, it remains minimum throughout the
subsequent iterations and AA?(P) =0.

Equation (30), in conjunction with Eq. (21), is used in Refs.
16-18. The structure is reanalyzed each time after finding the
new design vector.

IV. Comparison of Different Recurrence Relations

In this section the recurrence relations derived in the last
section are compared, some new relations are given, and a
new approach is proposed. For simplicity in this section all
elements are assumed to be active. However, if the elements
are divided into active and passive elements, necessary
modifications to the equations in this section can be made
similar to Eq. (30).

In the last section, the exponential recurrence relation [Eq.
(19)] and the linear recurrence relation [Eq. (21)] were derived
to modify the design variables. Even though both relations
have different forms, they can be shown to be equivalent.
Equation (19) can be rewritten as

Al =47 [H(ﬁ)\ o -] 31

Since, near the optimum

E..
! pili A7

i=1
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is nearly equal to unity,

E.
Yot AT

j=1

is small compared to unity. Hence, if Eq. (31) is expanded by
the binominal theorem and only the linear terms are retained,
Eq. (31} can be approximated as

Apri=4 [ (,EI)\ o7 )] .
or
2
A,v+1=Ar(a+(1—0‘);}‘1,,[4.%1,2% .
where
a=[l-(1/n)} 34

Equation (33) is the same as Eq. (21) which was derived by a
different approach. Equation (33) can be considered as a
linear form of Eq. (19). During iteration, Eq. (19) creates a
new design by modifying each component of the old one by a
factor, while Eq. (21) or (33) creates a new design vector as the
weighted sum of the old vector and the new one created by Eq.
(19) withn=1.

The recurrence relation for the Lagrange multipliers given
in Eq. (24) can also be linearized by using an argument similar
to the one used to derive Eq. (32). The linear form of Eq. (24)
can be written as

b+1 1 C
o (214 :
I b  bC v 33
Equation (35) can also be written as
_ )\jt_'+1
q—c;:b(g ——) (36)

r
)\j

Equations (35) or (36) can also be used in the same way as Eq.
(24) to modify the initially assumed Lagrange parameters.

In Sec. I11, the application of the Newton-Raphson iterative
technique was discussed to solve the optimality criterion and
the constraint equations. Now it will be shown that the
iteration relations used in this method can be written in a
more convenient form. Equation (14) or (15) can be written as

HL, (N =D (N =aif), (37

Using Eq. (17), Eq. (37) can be written as

mo o EE. mo B FE. '
P e (U'k):f:w (éj'k)u ,
k=1 ¢ Z:/ piliA] ‘ E piliA7 v,

et v k=1 i=1

(38)

Substituting A7 from Eq. (11) in Eq. (12) and rearranging,
one obtains

- . E.E, =
fr= kz_l AL E (TIMJ )V—cj (39)

i=1

Using Eq. (39) and remembering ‘that f/ = (Cj”—(:’/), Eq.
(38) can be written as:
i )\v+[ < E E

MJ) (2n+1)Cy —29C;  (40)
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When 7 is equal to unity, this equation becomes

i >\V+1

i=1

(EE'k ) 3cr-2C 41

oAl ), 7T T @

The main advantage of writing Eq. (15) in the form as given
by Eq. (40) is that it is not necessary to assume the initial
values of the Lagrange multipliers to start the Newton-
Raphson iterative scheme. Equation (40) can be solved at each
step to obtain the new values of A;, after modifying the design
variables by using Eq. (11). It may be pointed out here that
the convergence of the Newton-Raphson technique depends
upon initially selected values of the unknown variables, and
generally, it is very difficult to assign the initial values when
the number of unknowns is large.

In Sec. I11, Eq. (29) was obtained by considering the change
in the constraint Af; due to the change in the design variable
AA;. Using Eq. (34), Eq. (29) can be written as:

L N o _
i Y (ﬁ) =Cy(n+1)—nC, (42)

k=1 i=1

If in Eq. (42) the parameter n which controls the step size in
the recurrence relation for the design variable A4, is set to
equal to 2, then this equation becomes

Hi EE, _
f) D) (#) =2Cy —2C, (43)

k=1 i=1

It is interesting to see that Eq. (41), which is derived from the
Newton-Raphson iteration relation [Eq. (15)] is the same as
Eq. (43). The equivalence of Eq. (41) and Eq. (29) indicates
that the method proposed in Ref. 15 is equivalent to the
Newton-Raphson technique, if, in the Newton-Raphson
method, only one iteration is completed and the structure is
reanalyzed. Normally in the Newton-Raphson method the
structure is analyzed after the constraints are satisfied or after
a specified number of iterations. In the method proposed in
Ref. 15, it is not required to assume initial values of the
Lagrange multipliers.

This similarity between the two methods is ev1dent if it is
observed that if in Eq. (13)

oy _ g oo,

44
N, ~ 0A; 3N, (“44)
and in Eq. (25)
9A;
AA, = 45)
i1 O

are substituted, both equations reduce to the same equation.

It will now be shown that Eq. (35), which is the linearized
form of Eq. (24), is an approximation of Eq. (29). If in Eq.
(29), the off-diagonal terms in the matrix multiplying the
vector of the Lagrange multipliers A; are neglected, then Eq.
(29) can be approximated as:

" ELE. Cr(2—a)-C,;
e ( L] ) = J 46
L )T e 46

i=1

These are uncoupled equations and assume that the con-
straints are independent of one another. This means that
while considering the jth constraint, the contribution of all
other constraints may be neglected. With this assumption,
using Eq. (10) the term E;/ (p,{;A}) can be set equal to 1/A}.
Furthermore, since

m

Y EAr=C;
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Equation (46) can be written as

A+ Cr = Cy(2-a)—-C,
I (I-a)

47

or

' 2-a 1 C,
v+1_)\v( R !) 48
A I-a I-a (0F4 “8)

Comparing Eq. (35) and Eq. (48) it is seen that they have the
same form and would be identical for

I/b=1/(1-a) 49

Using the same argument as used to write Eq. (48) from Eq.
(29), Eq. (40) can be approximated as

Cf . ] (50)

>\}“=>\7[(217+1)—
Comparing Eqgs. (35) and (50), it is seen that they are
identical for :

1/b=2y (51)

Fora=1/2and n=1, Eqs. (48) and (50) are identical.

At this point it will be shown that the generalized forms of
Eq. (40) and Eq. (29) are equivalent. The coefficients H; in
Eq. (15) are derived by using Eq. (11). When n=2, Egs. (18)
and (11) are equivalent. The generalized form of Eq. (40)
would be

ﬁ )\V+ ! ( EE_

t’A3> =(nm+1)C*—mC; 52)

In Sec. III Eq. (29) was derived by equating Af; to C c
however, if Af; is set equal to y (C,~C? 7) where 7 is a
parameter mtroduced to control the step S1ze towards the
constraint surface, the generalized form of Eq. (29) would be

N ( E,E, Cy(I-a+n)-qC,
Lo 1 () = T )
L) i 14

k=1 i=1 (I-a)

If the parameter « in this equation is set equal to (1 —1/n)
[Eq. (34)], then Eq. (53) is identical to Eq. (52).

When all of the constraints are satisfied as equality con-
straints, i.e., f?=C*—C;=0, then Egs. (40, 41, 52, and 53)
become

EE -
L B (545) =6, 2

k=1 i=1

Equation (54) is valid at the optimum for all the active
constraints with m cqual to the number of active elements.

If in Eq. (53), the off-diagonal terms in the matrix
multiplying the vector of the Lagrange multipliers are
neglected, then this equation can be approximated as

2 ¢ E.E, C?(1—a+n)—1C,
At ( vy ) — J 55
! ; pibA] (I-a) ©3)

If in Eq. (55), C] is set equal to
constraint, then one obtains

E,E, )
A 2 ( ;Ag) =, (56)
ll 1 v

i=1

C;, the limiting value of the
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In the case of a bar structure where the allowable stresses
are not the same, the minimum weight design can be obtained
by replacing the variable stress constraints by an equivalent
displacement constraint problem. If in the bar structure it is
assumed that there are no coupling effects, and the virtual
energy in an element is only due to the unit load in that
element (which is true for a statically determinate structure),
then Eq. (56) becomes

ELE; = .
Ar+! (;ﬁ‘f_) =C; i=1l..m (57)

where

-l 61))

In Eq. (58), ; is the maximum allowable stress in the ith
element. The use of Eq. (57) to design a minimum weight
structure was proposed in Ref. 14, and its convergence
behavior with Eq. (24) is also discussed.

Now, to summarize the results, the design variables A4; can
be modified by using the exponential form, Eq. (19) or the
linear form, Eq. (33). In these two equations, the step size is
controlled by proper selection of the parameters n and a.
These two parameters are related by Eq. (34).

The Lagrange multipliers can be evaluated by using Eq. (24)
in the exponential form or the linear relations given in Egs.
(35) and (36). The step size is controlled by the parameter b.
In order to use these equations, it is necessary to assume the
initial values but it is not necessary to separate the constraints
into active and passive categories. In using Eq. (24), the N’s
corresponding to the passive constraints become small and
thus their effect is negligible. When there are displacement
and stress constraints, it is found that this method gives the
best results when all the constraints are included in the
problem. If only displacement constraints are considered, the
use of these equations may not converge to the minimum
weight design. Note that with this procedure it is not required
to solve a set of linear equations to evaluate the Lagrange
multipliers. Generally, all initial values of the multipliers are
assumed to be the same; however, it is found that for bar
structures, with stress constraints, it is advantageous to assign
them so that they are proportional to the forces in the bars. If
the Lagrangian multipliers are assumed to be proportional to
the forces in the bars for all iterations, Eq. (10) reduces to the
constant strain energy density criterion proposed in Refs. 1, 2,
and 6. This transition is discussed in Ref. 14.

In the Newton-Raphson procedure, as given by Eq. (15),
generally there is a difficulty with selecting initial values for
the Lagrange multipliers. This iterative procedure also does
not eliminate passive constraints automatically.

To use Eq. (29), it is necessary to solve for each iteration a
set of linear equations to evaluate the Lagrange multipliers,
and when the number of constraints is large, this is time
consuming. This procedure also does not automatically
eliminate the passive constraints unless a special solution
scheme is used. !

The approximate forms of the recurrence relations, as given
by Eqs. (46, 55, 56, or 57), can also be used to evaluate the
multipliers. However, their successful use may depend on the
nature of the problem. All the relations generally behave well
for the first few iterations; however, when the interative
procedure approaches the minimum weight design, the ap-
proximate nature of the relations may cause the iterative
procedure to oscillate, to diverge, or to slow down.

For any of the procedures discussed in this section, the
convergence behavior is also strongly influenced by the values
chosen for their ‘‘step size’’ parameters n,¢, b, and 5. The best
values are usually also problem-dependent.

It has been shown that Eq. (15) used in the Newton-
Raphson method can be reduced to Eq. (40) or to its
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generalized form, Eq. (52). If, instead of using Eq. (15) in the
Newton-Raphson procedure Eq. (52) is used, then it is not
necessary to assume initial values for the Lagrange
parameters. They can be evaluated during each iteration by
solving a set of linear equations. The use of this approach is
illustrated in Sec. V. Since Eqs. (24, 35, and 36) are ap-
proximations to Eqs. (52), one may use these equations in its
place. In Sec. V, some problems are solved using such ap-
proximations, and it appears that they might provide the most
efficient approach.

V. Illustrative Problems
In this section the behavior of a few selected procedures is
demonstrated. The relations used to modify the design
variables are either Eq. (19) or Eq. (21). The Lagrange
multipliers are evaluated by using either Eq. (24) or Eq. (29).
The Gauss-Seidel iterative solution scheme is used to solve Eq.

(29) and to eliminate passive constraints.'® The problems are .

solved either by analyzing the structure after each iteration,
i.e., modifying the design variables and evaluating the
Lagrange multipliers, or by analyzing the structure after more
than one iteration as suggested at the end of Sec. IV. This
latter approach may be viewed as a modified Newton-
Raphson technique. All the structures are required to satisfy
the stress constraints in all the elements in addition to the
imposed displacement constraints. For all the problems, the
initial sizes of all the elements are equal in the first iteration.
The weight of the structure at any iteration is the weight of the
scaled design satisfying all the constraints,

Example I

The 10-bar truss, shown in Fig. 1, is designed to satisfy the
stress and displacement constraints. The stress limit in all the
bars is 25 ksi and the displacement limit of +2.0 in. is im-
posed at all the node points.

Case I

The 10-bar truss problem is solved by considering only two
displacement limits as the constraints in Eq. (7). The two
constraints considered are the vertical displacements at nodes
1 and 2. The stress limits are considered simply through
scaling. For all the problems discussed in Case 1, the
following equivalent parameters were selected: n=4 [Eq.
(19)]; «=0.75 [Eq. 2D)}; b=0.25 [Eq. (24)]; [see Egs. (34)
and (49)]. The iteration history for Case I is shown in Fig. 2.

Case la

Equations (19) and (24) are used to iterate the design
variables and to determine the Lagrange multipliers,
respectively. The initial relative values of the Lagrange
multipliers are all 1.0. The structure is reanalyzed after each
iteration. A design with a minimum weight of 5187.84 Ib was
obtained after 12 analyses (see Fig. 2). The weight of the
structure did not improve with additional iterations.

Case Ib

The areas are modified by using Eq. (21) and the Lagrange
multipliers are evaluated by using Eq. (29). The constraints
are considered as inequality constraints, i.e., negative
Lagrange multiplies are not permissible. The structure is
analyzed after each iteration. The minimum weight design
was obtained after 28 analyses with a weight of 5076.66 lb and
it remained unchanged with additional iterations (see Fig. 2).

Case Ic

This case is the same as Case Ib except that a maximum of
50 iterations were allowed before reanalyzing the structure
(modified Newton-Raphson). The criteria set to satisfy the
constraints [Eq. (7)}is 10 ~7. Except for the first few analyses,
not more than 10 iterations were needed to satisfy the criteria.
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Fig. 2 Iteration history for 10-bar truss (Case I).

A design with a weight of 5079.24 Ib was obtained after 8
analyses and 5076.66 lb after 11 analyses (see Fig. 2).

Case Id

This case is the same as Case Ib except that the constraints
are assumed to be equality constraints, i.¢., negative Lagrange
multipliers are permissible during the iterations. The iteration
history is shown in Fig. 2. A design with a weight of 5076.66
1b was obtained after 35 analyses.

Case lIe

This case is the same as Case Ic except that the constraints
were assumed to be equality constraints. The iteration history
is shown in Fig. 2. A design with a weight of 5076.84 1b was
obtained after only six analyses.

For Case I, at the optimum, the vertical displacements at
nodes 1 and 2 are equal to 2.0-in. In all members the stresses
are less than the maximum allowable. The maximum stress is
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Table1 Minimum weight designs of 10-bar truss Table 2 Iteration history
Member Case I Case 11 Case I1I Analysis
N 30.7297 30.5210 79000 number Case Ic Case le Case IId Case I1Id
2 0.1000 0.1000 0.1000 1 8266.15 8266.15 8266.15 3434.97
3 23.9407 23.1999 8.1000 2 6464.05 6255.54 5993.52 1733.43
4 14,7331 15.2229 3.9000 3 5713.37 5598.99 5815.76 1645.71
5 0.1000 0.1000 0.1000 4 5499.51 5457.51 5690.67 1640.95
6 0.1000 0.5514 0.1000 5 5363.67 5259.19 5574.27 1534.64
7 8.3406 7.4572 5.7983 6 5206.57 5076.84 5447.55 1527.13
8 20.9510 21.0364 5.5154 7 5101.26 5304.99 1521.54
9 20.8358 21.5284 3.6770 8 5079.89 5198.85 1516.67
10 0.1000 0.1000 0.1414 9 5079.24 5105.80 1512.38
. 10 78.24 . .
Weight 5076.66 5060.85 1497.60 11 287266 gggg %g iggg gg
12 5061.31 1502.79
13 5060.87 1500.34
equal to 20.36 ksi in member 5. The areas of the elements are 14 3060.85 1497.60
givenin Table 1.
Case Il
Case I1b

This problem is the same as Case I except that the stress
constraints inthe bars were included in the constraint

equations [Eq. (7)]. The allowable stress constraint in each .

bar was replaced by the allowable relative displacement
constraint between the two nodes connecting the bar. Thus,
there were a total of 12 constraints on the structure (10 stress
constraints and 2 displacement constraints). For Case II,
n=2, a=0.5, and b=0.5. After each reanalysis, all con-
straints were again considered active initially. The iteration
history for Case Il is shown in Figs. 3 and 4.

Case Ila

This case is the same as Case Ia except that all the above 12
constraints were considered in Eq. (7). The iteration history is
shown in Fig. 3. The weight of the structure between
iterations 11-17 was found to be greater than 9000 1b, hence it
is not shown on the figure. A design with a weight of 5062.50
Ib was obtained at the 19th analysis. After the 30th analysis,
the weight of the structure was 5074.13 lb. After this the
convergence was found to be very slow until the weight
becomes 5060.85 1b.
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Fig. 3 [Iteration history for 10-bar truss (Case 11a, Case IIb).

This case is the same as Case Ila except that a maximum of
50 iterations were allowed before renalyzing the structure.
(modified Newton-Raphson). The iteration history is shown
in Fig. 3. A design with a weight of 5060.88 1b was obtained
with 15 analyses. The weight of the structure at the 11th and
12th analysis is greater than 9000 b, hence it is not shown in
the figure.

Case llc

This case is the same as Case Ib except that there were 12
constraints on the structure. The iteration history is shown in
Fig. 4. A minimum weight design was obtained after 20
analyses. The weight of the structure did not improve beyond
5076.66 1b.

Case Ild

This case is the same as Case Ic. A design with a weight of
5060.85 Ib was obtained after 14 analyses. It is of interest to
see that in this case a design with a weight of 5060.85 1b was
obtained instead of 5076.66 lb as in Case Ilc. The difference
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between Case Ilc and IId is that in Case IId more than one
iteration was performed before reanalyzing the structure.

For the design with a weight of 5060.85 b, the vertical
deflections at nodes 1 and 2 were 2.000 and 1.9914 in.,
respectively. The stresses in all the elements were less than the
maximum allowable except for bar 5. The stress in bar 5 was
25 ksi and the area was 0.1 in.2, which was also the minimum
allowable. The areas of the elements are given in Table 1.

Case I11

The 10-bar truss was designed with no displacement
constraints, but the allowable stress in bar 9 was increased to
50 ksi. The problem was solved with 10 stress constraints con-
verted into equivalent displacement constraints. For this case,
n=2, «a=0.5, and b=n. After each analysis, all constraints
were again considered active initially.

Case [lla

This case is the same as Case [la. The iteration history is
shown in Fig. 5. A design with a weight of 1513.61 Ib was
obtained at the 13th analysis. The weight of the structure after
the 30th analysis was 1522.88 lb. After this the convergence
was very slow, until the weight of the structure became
1497.60 1b.

Case I11b

This case is the same as Case IIb. In this case, during the
iterations, the parameter n was increased by a factor of 1.25
whenever the weight of the structure was greater than the
previous one. A design with a weight of 1497.60 Ib was ob-
tained with 16 analyses of the structure. The iteration history
is shown in Fig. §.

Case [llc

This case is the same as Case Ilc. The iteration history is
shown in Fig. 5. The weight of the structure was found to
oscillate after the 3rd analysis. A design with a weight of
1502.82 1b was obtained at the 25th analysis. After this, the
weight was found to increase to 1677.64 Ib and remain
constant. The erratic behavior in this case seems to be due to
a=0.5 being too large a step size for this algorithm.

Case I11d

This case is the same as Case IId. In this case, the step size
was reduced in the same proportion as in Case 11Tb, whenever
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the weight of the structure goes up. A design with a weight of
1497.60 1Ib was obtained after 14 analyses. The iteration
history is shown in Fig. 5.

The areas of the members of the minimum weight design
are given in Table 1. For this case, the stress in bar 9 is 37.5
ksi even though the allowable stress is 50 ksi. The reason is
that bar 9 cannot be stressed beyond 37.5 ksi without over-
stressing the adjacent bars beyond their allowable of 25.0 ksi.

The iterative history for Cases Ic, Ie, I1d, and I11d are given
in Table 2.

VI. Summary and Conclusion

This paper has attempted in Sec. IV to show the relations
between different algorithms proposed by several in-
vestigators to design a minimum weight structure by using an
optimality criterion. Even though the paper addresses itself to
the problem of displacement constraints only, the relations
and conclusions are applicable to other types of constraints.
In all these methods, the objective is to directly satisfy the
optimality criterion and the constraint equations by an
iterative technique, thereby indirectly optimizing the struc-
ture. The design variables are modified by using recurrence
relations derived from the optimality criterion. For all the
methods, the recurrence relations used to modify the design
variables were shown to be equivalent to the exponential or
linearized form. In using the recurrence relation, the step size
is controlled by a parameter which may be fixed or varied.
The relations used to solve for the Lagrange multipliers in the
various methods are obtained from the constraint equations
by making various degrees of approximations. The lesser the
approximations, the more complicated are the relations
requiring more computational time for solution and the
separation of the constraints into active and passive
categories. This may be a governing factor in their use when
the number of constraints on the structure is large. The
simpler relations need less computational time; however, if
the coupling between the different constraints is too strong,
their use may not allow the iterative procedure to converge to
the minimum weight design without a large number of
iterations. The method similar to the Newton-Raphson
iterative technique proposed in this paper is found to give the
minimum weight design with the least number of analyses.
The success of this method depends on the degree of in-
determinacy in the structure. If the force distribution does not
radically change with the change in the design variables, the
numer of iterations can be increased before reanalyzing the
structure and the minimum weight design can be obtained
with a minimum number of reanalyses.

The convergence characteristics of all the algorithms
depend on the selection of a proper step size. At present, this
selection is made arbitrarily, or with much experimentation
with the same problem. It is necessary to establish certain
criteria to select the step size in order to further improve the
convergence characteristics of these methods and reduce the
number of reanalyses. A more reliable ‘‘adaptive’ approach
than tried in Cases IIIb and Illd should be developed. The
sometimes violent oscillations of the scaled weights do not
necessarily indicate similar oscillations in the internal force
distributions, and may not be the proper quantities to be used
to describe convergence behavior or to guide an adaptive
scheme. Section V employs only one structure for brevity, the
now classical 10-bar truss. A large amount of numerical
experimentation was performed utilizing other structures. The
general behavior was observed to be similar with these
structures and support the results presented here.
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